GENERALIZED NAVIER-STOKES FLOWS 



MARC ARNAUDON AND ANA BELA CRUZEIRO 



Abstract. We introduce a notion of generalized Navier-Stokes flows on mani- 
folds, that extends to the viscous case the one defined by Brenier. Their kinetic 
energy extends the kinetic energy for classical Brownian flows, defined as the 
norm of their drift. We prove that there exists a generalized flow which 
realizes the infimum of kinetic energies among all generalized flows with pre- 
scribed initial and final configuration. Finally we construct generalized flows 
with prescribed drift and kinetic energy smaller than the norm of the drift. 
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1. Introduction 

Consider the Euler equations describing the velocity of incompressible non vis- 
cous (perfect) fluids, 

d 

(1.1) —u = —{u.V)u — Vp, div u — Q. 

The corresponding Lagrangian flows g{t), namely the integral curves for u, so- 
lutions of ^g{t){x) = u{t,g{t){x)), g{0){x) = x, can be characterized as geodesies 
on the infinite dimensional "manifold" of measure preserving diffeomorphisms of 
the underlying configuration space (c.f. [2], [3]). In particular such solutions g(t) 
minimize the following action functional, defined in the time interval [0,T], 

(1-2) S[g] = ^ 

and the corresponding Euler-Lagrange equations are precisely equations (1.1). 

The work of Ebin and Marsden ((3) showed that, given a final condition g{T) 
with some suitable Sobolev regularity (and, in particular, smooth) lying in a small 
corresponding neighborhood of the identity, existence and uniqueness of a local 
minimal geodesic can be obtained. However, in general, there may be situations 
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where such a geodesic is not defined (c.f.^lSj- The main difficulty lies in that the 
topology induced by the energy is not strong enough to deal with the regularity of 
the maps. 

In Y. Brenier introduced the notion of generalized solutions for the minimal 
action principle, in the spirit of the Monge-Kantarovich problem. These solutions 
are probability measures defined on the set of Lagrangian trajectories. This weaker 
variational approach allows to consider measure-preserving maps g{t) with possible 
splitting and crossing during the evolution. He proved, in particular, that classical 
solutions can be regarded as generalized solutions and that there exist generalized 
solutions which do not correspond to classical fiows. 

In the viscous case, where the velocity obeys the Navier-Stokes system 

d 

(1.3) —u = —(u.\/)u + vAu — Vp, div u — 
ot 

with a viscosity coefficient > 0, it is not so clear how to define a corresponding 
variational principle. Following the initial ideas in [TT] and [TS] we have considered a 
stochastic variational principle defined on stochastic Lagrangian flows. The classical 
action is defined for these fiows and we have characterized the stochastic processes 
which are critical for the action as processes whose drift satisfies Navier-Stokes 
equation (c.f. [5] for fiows living on the fiat torus and 1 for fiows in a general 
compact Riemannian manifold). The abovementionned difficulties encountered in 
the Euler case to prove existence of critical paths remain in this setting. 

So, in the spirit of Brenier's work, we introduce and study here a concept of 
generalized Lagrangian fiows for the Navier-Stokes problem. 

We mention that another approach to Lagrangian trajectories for the Navier- 
Stokes equation as geodesies in a different geometric framework was considered in 
|14) . There the approach is deterministic: what is deformed to pass from Euler to 
Navier-Stokes is the geometry. 

2. Stochastic generalized flows 

Let (M, g) be a compact oriented Riemannian manifold of dimension d > 2, 
without boundary. Denote by p the Riemannian distance in M. 

We shall write dx for integration with respect to the (normalized) volume mea- 
sure on M. 

Let a e T(TM (g) TM) satisfying a{x,x) = g^^{x) for aU x e M. Assume there 
exists a separable Hilbert space H and a map a e r{llom{H,TM) such that 
a{x,y) = a{x)f7*{y) for all x,y € M. Assume furthermore that 

(2.4) trV<,(.)Cr(-) = and Vw G i?, divcr(w)(-) = 0. 

Remark 2.1. Our main example concerns M = T = R/2ttZ x IR/27rZ the two 
dimensional torus, H the Hilbert space of real- valued sequences indexed by ^ 
a the map defined by 

(2.5) a((/^i,fc2) + (O,O))(0) =: A(fc,,fc,)(0) = (fca, -fci) cos fc • ^ 
and 

(2.6) a((0,0) + {h^MW) B(fci,fe.)(^^) = (fca, -fci) sin fc • 0. 

In this situation it has been proved in [5] that condition (|2.4|) is fulfilled. 
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Another example is given by any compact semi-simple Lie group G endowed with 
the metric given by the opposite of the Killing form. Then one can take H ~TeG 
where e is the identity of G and for x € G, cr{x) = TL^ with L^; the left translation. 

In the same spirit many examples can be constructed by projection on symmetric 
spaces of compact type. 

Let 77 a probability measure on M x M with marginals equal to dx: in particular 
it disintegrates as r]{dx,dy) — dxrjxidy). Consider semimartingale flows g(t){x) 
on M, defined on time interval [0,T] for some fixed T > 0, with the following 
properties: 

(1) g{Q){x) = X and for all x £ M, g{T){x) has law rjx] 

(2) g{-){x) satisfies he Ito equation 

(2.7) dg{t){x)=<j{g{t){x))dWt+b{t,g{t){x),u)dt 

where Wt is a cylindrical Brownian motion in H and (t, x, oj) i— ^ h(t, x, lo) G 
T2;M is a time-dependent adapted drift with locally bounded variation in x 
(in the sense of distributions). Recall that if P{g{x))t ■ T^M Tgi^i-^^^-^M 
is the parallel transport along g(t){x), then 

dg{t){x) = P{g{x))td (^^ P{g{x));' o dg{s){x)^ ; 

(3) the kinetic energy of g 

(2.8) <r(g) := 
is finite. 

(4) almost surely for all t G [0,T], div6(t, •,w) = 0. This together with (HH) 
implies that the flow is incompressible, i.e. for all t, oj a.s. for all / G C{M), 

(2.9) / f{g{t){x){u))dx^ f f{x)dx. 

Remark 2.2. In (|2.7p we could have replaced Ito equation by Stratonovitch equa- 
tion since tr VCT(.)Cr(-) = 0. 

Definition 2.3. We denote by — .^(cr, 77, T) the space of laws of such semi- 
martingale flows. 

Notice that is a convex set. 

When the viscosity parameter is zero, namely in the case where cr = we can 
consider rj^ — 6^^.^ and this notion of semimartingale flow coincides with the one 
of generalized flow introduced in 4 . 

It is not clear how to obtain the existence of critical points for our variational 
principles within the space of measures J^, which are measures supported on real 
(semimartingale) Sows g, with, in particular, g(0){x) = x . Therefore the transports 
will be considered. To a semimartingale flow g{t){x) G .^(cr, 77, T) we can associate 
a transport 0, defined as a map which to two elements (p,4' G L^{M) associates 
the process 

(2.10) et(v^,0)=/ ^{x)<j>{g{t){x))dx. 




b{t,x, ■)dtf dx 
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In the sequel we always take ip,4> & C°°{M). In this situation the process 6* is a 
real valued semimartingale which satisfies 



et(^,0) = (¥>,<^)l.(m) + / 5]e,(^,div(M))dw^: 

(2.11) ^ ° 

+ / e^((p,div(06(s,-,a;))ds + i / Qs{v,^4')ds 
Jo ^ Jo 

where = (Wt,ai) and ct; = a{ai) for a fixed orthonormal basis {ai)i>i in H. 
Clearly 

(2.12) Qt{v.4>)^{0''{tr)A)L-{M) 
where x ^ 0'^{t, x){uj) is the function M -> R defined by 

(2.13) e'<'{t,x) = ip{{g{t){-){Lo))-\x)). 

Notice that for A a Borelian set in M and = 1^ we have 0'^{t, x) — lg(t)(^)(x). 

From equation (|2.13l) we immediately see that if ft, : R — > M is a smooth function 
then 

(2.14) e'^°^ = hoe^. 

We have 



(2.15) / e'f{t,x)dx= / ip{x)dx. 

Moreover, using the fact that for all x g{T){x) has law rjx, 



E[eT(<y5,0)] = E 

(2.16) 



f{x)(t){g(T){x)) dx 

M 



^(a;)E[0(.g(T)(x))] dx 

M 



V>{x) I (j}{y) r]x{dy) ] dx 
M \Jm 



ip{x)<j){y)r]{dx,dy). 

MxM 

Now if ipi, (f)i, ip2, (f)2 are smooth functions of M, the covariance of Q{ipi, 4>i) and 
^{^2, 02) is given by 

(2.17) d[e{ipi, (j)i),&{ifi2, (l)2)]t = X! (0t(¥'i,div(0CTj)) {Qt{'P2,div{(|)a^)) dt. 

i>i 
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In particular 

d [6(^,0), 6(^,0)], 



Vf/ e'^it, x)div {(f>cr^){x)dx] dt 
i>i ^J^i / 

2_ \ ( / 6'^{t,x) {d(l),ai)^ dx I dt since divtTi = 
j^ {e^{t,x)fdx^ (j'^ Yl{d(f,,a,}ldx^ dt 



{e'f{t,x)ydx] / ||grad(/.(a;)||^da; ) dt since a{x)a*{x) = h-^{x) 

M J \Jm 



= {'P{9{t)i-) dx\\gmd<j)\\l2(^M^ dt. 



M 

Since g{t){-)~^ preserves the Lebesgue measure on M we obtain 

(2.18) d [6(^,0), 6(^,0)], < IMh^M) Ilgrad0||i.(^,) dt. 

Notice that Qt is nonnegative, that is Qt{Lp,4') ^ whenever ip and (j) are non- 
negative functions. 

Denote by DQti'P,4') the time derivative of the drift of the semimartingale 
9t(<^, cj)). It is given by 

(2.19) DQti'f, (f>) :== Qt (ip, div(06)(i, •, uj) + ^A^ 



2 



Define 







(2.20) et(^,0) :=et((p,0)- - / e,((^,A0)ds 

and the kinetic energy of & as 
(2.21) 



m e 



<f'(e) = isup X]^E 



dt-^ ^ 

et(^M) 



, m, ^ > 1, 



t^^./)*^ e C°°(M),(^^' > 0,^95^' = 1, s.t. Vw e TM, ^(grad(/)^^;)2 < 

j=i fc=i J 

where DQtif-' , 4''') denotes the time derivative of the drift of 6t((/5'' , 0'^). Notice 
that Qti^,!) = Im V>'ix)dx by ^M- 
We are ready to define generahzed fiows. 

Definition 2.4. A generahzed fiow with diffusion coefficient a and final config- 
uration ?7 is a bilinear map Q which to G C°°(M) associates a continuous 
semimartingale 1 1— >■ &t{'P, 4>) with the following properties : 
(1) for aU ^,(/)€ C°°(M), 

(2.22) E[eT(^,0)]=/ (p(x)0(y)77(da;,dy); 

JMxM 
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I dx a.s. for all t; 



(2) for all ip,(j)e C°°{M), 

(2.23) ef(^,l)= / (p{x)dx and et{l,(l>)= f (t){x) i 

Jm Jm 

(3) for all ¥'i,0i,¥'2,02 e C°°iM) 

(2.24) ^ [^{fi,<Pi), 0(V'2, 02)]f = X! (0t(vi, div((?!)icr,)) (Of ((/p2, div((?!)2cr^)) dt. 



(4) for all ip,(f>eC°^{M) 



(2.25) 



d[e((^,0), 6(93,0)] J < llv'lli^fM) 1 1 grade/) 1 1 ^2 (M) 



(5) for all (p,(j> ^ C°°{M), the semimartingale 9((y3, 0) as defined in (|2.20p has 
absolute continuous drift with time derivative DQ{ip,(j)), and the energy 
S"{Q) of 9 as defined in (|2.2ip is finite. In particular 



(2.26) 



E 



dt{Deti^,(b)f 



<2^'(e)|l¥.|li.(M)llgrad0|li=„(M) 



(6) for aU (p,(f>e C°^{M), 

(2.27) eo(¥>,0) = (¥>,0)l2(m). 

(7) & is nonnegative, that is for all nonnegative (p, S C°°(M), 8(93,0) is a 
nonnegative process. 

(8) for ah (p,(j)e C°°{M), a.s. for all t e [0,r], 

(2.28) \Qt{v,<l>)\ < ||(^||l2(m)||0||l2(m). 

Notice that (3) and (8) imply (4). 

Definition 2.5. The kinetic energy S"{Q) of a generalized flow & is given by for- 
mula (j2.2ip . The set of laws of generalized flows with finite kinetic energy, diffusion 
coefficient a and final configuration 77 will be denoted by J(f" = J^' {a,r],T). 

From the discussion above and equations (|2.12p . (|2.13p to any semimartingale 
fiow we can associate a map = 9^. 

Proposition 2.6. We have 

(2.29) ^'(63) = <ff{g). 

As a consequence, the map g i— )■ yields a natural inclusion J^(f{a, rj, T) C J^f {a, rj, T). 

Proof. We begin with the inequality < S{g). For this it is sufficient to 

prove that taking 6 = 6^, 



(2.30) 



3=1 k=i 



dt ^ 







et((^^i) 



for all m, as in the definition. But from ([2TT2|) and (|2?T3| . 



m I 
j=l k=l 

m e 

j=l fc=l 

m e 

3 = 1 k=l 



dt- 



dt- 



et(^^i) 
1 



0t(¥'^l) VA/ 

T 



(t, a;) div(/6(t, •, 



/ 0'^ (div(0''6(i,-,a;))(a;)) da; 

Jm 



rp / £ \ 

< / E / J2{^'i9mr'i^))Y.(d^'Mtr,u;))l] dx 
•^0 -^M^.^iV fc^l J 



dt 



since div6(t, - ,0;) = 0, so 



EE^ 

j=i k=i 



dt 







[ E 


/ 


Jo 


Jm 






[ E 


/ 


Jo 


J A/ 






[ E 


"/ 


Jo 





rn 



by definition of i 



dt 



||5(i, . g(t) (a;), L.)fd.x 



dt = 2^(.g). 



Let us now prove the converse inequality. We have 



dt-!^ , ■ , 

et(</pj,i) 



^(5)4EEi= 

j=i k=i 

-Ip^^ [ dti^jjh{t,g{t){y),oj)f^{y)dy 



amy) 



dy 



which rewrites as 



J = l 



dt- 



1 



^Hy)ip^iz){ \\b{t,g{t){y),u;)\\ 



Jm ^^"^dx J MxM \ 

- J2 (dcp^Mt, ; ^))^(,)(^) (d</>^ 6(t, ■,u:))^^^^^ Adydz 



k=l 
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and this equals 



dt- 



!MV^'^x)dx 



^{yW{z)\ \\b{t,g{t){y),^)\\ 



\dy 



dt 



^^iy)^^z)Y,{d<j^\b{t,;Co)) 



k=l 



gmv) 



amy) 



\b{t,-,uj)) 



9{t)iz 



dydz 



Choosing (0^, . . . , 0^) an isometric embedding of M into M^, the first term in the 
right vanishes. Then with Cauchy-Schwartz inequahty and the first part of the 
proof we obtain 



J=l fe=l 



dt- 



1 



dt 



amy) 



E 



(p^{y)(p^{z) 



{d4>\h{t,-,u:)) 



9(t)W 



dydz 



1/2 



Since M is compact there exists a finite number of charts covering M , whose image 
is equal to -8(0, 1). For each n > 1, letting e = there exist functions ip\, . . . ip'^^ 
all with support included in a ball of radius e: supp{(fl) C B{xj,e). We can assume 
that there exists 6 > independent of n such that for all j = 1, ... , mg, 



(2.31) 



(pi{x)dx > 6e'^ 



M 



this needs some work but it is quite intuitive. Start with covering M with a finite 
number of B{xj, e), such that for each point y in M the number of balls containing 
y is bounded above by a constant non depending on e. A candidate for ipl would be 
^B{x -.e) but it is not smooth and the sum is not equal to 1. However it is possible to 
smoothen it keeping the same support and almost the same integral. Normalizing 
by dividing by the sum of all obtained functions, we get the ipl satisfying (|2.3ip . 
For {U,ip) one of the charts, let us denote by lu the set of indices j such that 
B{xj,s) C U. Since the number of charts is finite, for e sufficiently small any ball 
of radius e is included in the domain of a chart. Let us prove that for all A: = 1, . . . , £, 



E 



dt 



E 



Jmxm .^j^ J]^,j>fi{x)dx 

- {d(j>'',b{t,-,uj))^^^^^^^ dydz 



-(pi(2/)^i(z) (d0^6(^,•,^)) 



amy) 
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as n — >■ 00. 

If we restrict the sum to j € Ijj then the integral on M x M can be replaced 
by an integral onU x U. Making the change of variables {Vjw) = {ip{y),ip{z)) this 
integral becomes 



E 7 IT^^e ° V'-' (vH ° ^-'{w) I {d4>\ b{t, •, a;)) 



where k is the absolute value of the determinant of the Jacobian of {tp~^, Let 
Ci > an upper bound for k and C2 > such that 

< C2\\b{t,g{t) o i;-\v),uj) - bit,g{t) o i;-\v),oj)\\\ 

Denote by 

b'{v) = b'{t,v,uj) = b{t,g{t)o^-\v),uj) 

which is clearly an L'^ function in v for almost all {t,uj). The same integral is 
bounded by 



-^T I y2^e°'^ ^{v)v'i°'4' \w) \\b' (v) - b' {w)f dvdw 

J BiO,l)xB{0,l) 
C1C2 yv r dviplo7p-'^{v) 



X 



[ daipi°'tlJ~'^{v + a)\\b'{v)-b'{v + a) 



There exists C3 > independent of j and e such that i]j{B{xj,e)) < B{^p{xj),C3e). 
Extending ipl o tjj~'^ and b' o by outside B{0, 1), we can bound the above 
expression by 



< 



j^j^.J2BiO,C3s) \Ji>{B{xi,e)) y 

/ da( [ dv\\b'{v)-b'{v + a)\A 

J2B{0,C3e) \Jm'' ) 

sup / dv\\{\j -T.^b'){y)f 

ae2B{0,C3E) JlS.<' 



CiC2Ci 



where Tab{v) = b{v — a). By continuity in of a 1— )■ Tab' the above expression is 
bounded by a function d{t,Lo) > converging to dF{Lo) a.e. as £ ^ 0. 
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On the other hand 



(2.32) 



1 



MxM Jj^,j^i{x)dx 



< 2 



E 



MxM Jj^^ifi{x)dx 



X (d0^6(^,.,c.)) +(d0^6(^,.,c.)) 



dydz 



M 



which is integrable with respect to (/c, <, w) and does not depend on e. We conclude 
with the dominated convergence theorem on the integrals with respect to {k,t,uj). 

□ 



Remark 2.7. It is clear from definitions \2Ai and 12^ that Jif' is a convex set. 



3. Existence of generalized minimal flows 

In this section we prove our main result, the existence of generalized minimal 
flows with prescribed final configuration. 

For g a semimartingale flow let Dg{t){x) — b{t,x) denote its drift. Notice that 

^^P^it)ix) 9{'t + £^ r{t, X, r)){x) 

where E( denotes conditional expectation with respect to the past filtration, T(i, x, r) 
is the exit time of s g{t + s){x) from a small ball B{x, r) (r > 0). 
The kinetic energy of g has already been defined as 

(3.33) £ig) = 

When the vector field u is smooth and satisfies Navier- Stokes equations, the 
process dgu{t) — a{gu{t))dW{t) + u{t, gu{t))dt will be critical for the kinetic energy 
functional (c.f. [5] and [I]). 

Again we notice that when the viscosity is zero the semimartingales are paths of 
bounded variation and the kinetic energy reduces to (|1.2p . 

If 77 is a final configuration at time T one can define 

(3.34) ^(a, 77, T) = inf {<f (5), Law(g) € Jf^icr, 77, T)} 

where by convention S'{cr, ri,T) — 00 if there is no semimartingale fiow with config- 
uration r] at time T. 
Similarly we define 

(3.35) (?'(ct, r], T) = inf {f?'(e), Law(e) G M"{a, t], T)} 

with (#"((T, 77, T) = 00 if there is no generalized fiow with configuration 77 at time T. 



Dg{t){x) = Ihn -Et 




b{t,x, ■)dt\\ 



dx 
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From Proposition 12.61 we know that 

(3.36) ^'(a,?7,T) <^(a,77,T). 
In this section we shah prove the following 

Theorem 3.1. If S" {a,rj,T) < oo then there exists a generalized flow Q such that 
^'(e) = r(a,r/,T). 

Proof. Assume S"{a-,ri,T) < oo. Let (8"')„>i be a sequence of generalized flows 
with laws in .J^'{a,ri,T) satisfying 

(3.37) lim S"{e") ^S"ia,r],T). 

n— >oo 

Consider a sequence {(p')j-^i of elements of C°°{M) dense for the topology of uni- 
form convergence, and a sequence {(j)'')k>i of elements of C°°{M) dense for the 
topology of uniform convergence of functions and their first and second order deriva- 
tives. 

For fixed j,k > 1 and n > 1, the semimartingale 



1 

2 Jo 



has starting point {'f'-' ,4'^)l'^{m)- Its drift DQl^{(p' ^(j)^) satisfies 



(3.38) E 



dt 



< 2 11^^' I 



L=°{M) 



On the other hand the bracket of &"{(f^ , (f)'') satisfies 



(3.39) d 
We also have 

(3.40) E 



e"(^^^'=),e"(^^^^■) < ||^^"l!i.(M) 



grad( 



grad( 



L~ (M) 



(?'(e"). 



e:(^^A</>'^-) 



ds 



<T||^J||? 



f llL~(Af) 



L2 (M) 



dt. 



With Theorem 3 in [16] we can conclude that the sequence 



(3.41) 



n>l 



is tight and that we can extract a subsequence which converges in law. In fact, we 
can extract a subsequence such that all 



Jo / / n>l 



k > 1 



together with all their covariances simultanuously converge in law to a limit for 
which all linear combinations are preserved. For simplicity we denote by (l^")n>i 
this subsequence. 

Let (e.(V,0''), A(^^0'=)) be the limit of (Y:")„>i and 

(3.42) et(^^0^■) := et{^\4>'')+M^,4>'')- 

By Theorem 10 in [TU], we have 



(3.43) 



E 



dt 



< lim sup E 



dt 
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which implies 



(3.44) E 



< 2 \\ip^ 



>(M) 



grade 



>(M) 



<f'(a,?7,T). 



Inequality p. 391) also extends to the limiting process: 



(3.45) 



< 



~i Ii2 
If \\l^{M) 



grade 



L2(Af) 



dt. 



d[Q{^,^''),Q{^^,4>' 

As for the starting point we have 

(3.46) eo(^^^'=) = (^^^'=)L2(M). 

Furthermore, by bihnearity of aU the the 6", ^A^, (|05l) and ([06]) are still 
true with functions ip and (f) which are linear combinations of functions (p^ and ■ 
Moreover Q is bilinear for theses combinations. 



For (p,(f> G C°°{M) there exist sequences {(p- 



i>i 



and 



)e>i which converge 



uniformly to ip and (for the second sequence uniform convergence holds for func- 
tions and their first order derivatives) . From (|3.44p , ()3.45p and p.46p and the bihn- 
earity of 8 we deduce that 0((^-'*, i^'^*) converges to a semimartingale 0(iy9, </>) which 
does not depend on the sequences {'fi-''')£>i and {(t>''^)£>i- Here the convergence is 
taken in the topology of convergence of the drift and the quadratic variation 
(the so-called H2 topology). It is also easy to check that ((/3, 0) Q{ip,(j)) is bi- 
linear and that for all tpjtp £ C°°{M), Q{(p, (p) is the limit in law of (8"((/3, (/>))„>! 
(the last point is due to the fact that the bounds in the right of p.38|) and ()3.39p 
can be taken indepent of n, and this allows to identify any limit of a subsequence 
of (9"(<y9, 0))„>i to Q{(p,<j))). Similarly, for (/Si, 0i, (^2, (/>2 G C°°(Af), the process 
[e(</?i,(?!)i),e(v?2,02)] is the limit in law of ([e"(v?i, 0i), §"(^2, 02)])n>i- 
As a consequence, for al\,j, k > 1 

ft 



(3.47) M^\4>'') = 
and by bihnearity, for ip,(j) & C°°{M) 

(3.48) et(v^,,/)) = et(^,<^) 



e{ip, A(i)) ds. 



It remains to prove that O is an element of Jif'{a, r/, T) and that 
(3.49) er'(e) < (f'(a,?7,T). 

By passing to the limit we get (1), (2), (3), (4), (6), (7), (8) of Definition [2H We 
are left to prove (|3.49p . For this we need to improve (I3.43p . Theorem 10 in [10] 
says that for any € C°°{M) and any X > 0, if for all n > 1 



then 



E 



E 



dt 



J dt (DQt 



< K 



< K 
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Let 



K = lim inf I 



dt 



Consider a subsequence 0"* such that 



hm I 

f-s-oo 



dt 



K. 



Then fixing e > and applying the above result to the sequence 8"* for sufficiently 
large i we obtain 

dt(DQt{^,4>i^ 



Letting e — 
(3.50) 

Letting Lp^ , 

3 = 1 k=l 



E 

we obtain 

E 

as in ()2.2ip . we have 

2 



< K 







[ dt 




Jq 





2 










< lim inf E 


/ dt 






n— ^oo 


Jo 



dt 



< 



V Vlim infE 
^ — ' ^ — ' 11^^ 



dt 







e?(^-'",i) 



< liminf V Ve 

J = l /c=l 

<^'(a,77,r). 

Finally taking the supremum in the left as in p.2ip yields 
(3.51) J"(e) < <f'(cr,?7,r) 

and this achieves the proof. 



dt^ 







□ 



Remark 3.2. At this stage several questions arise. If a flow g is a critical point of 
the energy in ^^(cr, ?7, T), does it minimize the energy? Is the equality <S"((T, 77, T) — 
(§'{a,T],T) true? If the law of generalized flow 9 minimizing S" in J^'((t, 77,T) is 
unique, is it the law of a flow g G J^{a, f], T)l The next result establishes convexity 
for the set of laws of drifts of generalized flows with minimizing energy. Do extremal 
laws in this set correspond to laws of drifts of flows g G .^(cr, 77, T)7 

Proposition 3.3. The set of laws of processes DQ where Q G J^'((T, ?7,T) mini- 



Proof. Let 9^ and 9^ minimizing S" defined respectively on ili and il2- On ili x 
5^2 X {li2} endowed with product filtration and product probability (on {1,2} we 
consider the uniform probability) define 9(wi,a;2,*) = Q^^uji). It is straightforward 
to check that 9 e Jt'^{a,r],T) and ^'(9) < i(<^'(9i) + S"{e^)). So <f'(9) = 
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4. Constructing generalized flows with prescribed drift 

We have shown in section [2] that seiniinartingale flows can be regarded as gen- 
erahzed ones. A smooth solution of Navier-Stokes equation will thus give rise to a 
generalized solution of the corresponding variational problem. We shall now show 
that these are not the only possible generalized flows: indeed, we can define weaker 
solutions (which, in particular, will not necessarily correspond to semimartingale 
flows) of the Navier-Stokes variational problem built upon weak solutions of some 
transport equations. 

Now consider a deterministic drift b(t,x) such that b £ L^([0, T], L^(TM)) and 
div 6 = in the weak sense. 

Theorem 4.1. There exists a generalized flow Ot with drift b(t,x) i.e. such that 
for all ip,4' € C°°{M), {t,uj) € [0,T] x almost everywhere 

(4.52) Z?et((^,(/)) = et((^,div(06)), 

and with kinetic energy smaller than or equal to — f ( j \\b{t,x)\\'^ dx\ dt. 

2 Jo \Jm / 

Proof. For e > 0, as in [9] Section 4.4 we regularize b by using the de Rham-Hodge 
semi-group on differential forms e^'~' with □ = — {dS -\- Sd) , S the codifFerential form 
of d. For a differential 1-form a on AI we denote by a" the vector field on M 
associated to a by the metric, and for a vector field A on AI we denote by the 
differential 1-form associated to A by the metric: we have 

{a,A)^{aKA)^{a,A') 

where the first bracket is for duality, the second one is the scalar product in TM , 
the third one the scalar product in T*M. By letting 

(4.53) (6')^'=(e^°(6^))" 

we get a smooth time-dependent vector field satisfying div{b'Y — (see [9] Propo- 
sition 4.4.1). Then we regularize {b'Y in time by convolution with a smooth kernel 
with support [— e/2, e/2] (for this we need to extend b by letting b{t, x) — for t < 
and for t > T). Let us call b'^{t,x) the regularized vector field. It is also divergence 
free, and it approximates b in (L^([0,r] x M,TM)). For each e > we can con- 
struct a semimartingale flow as a strong solution to ()2.7p where b{t, g{t){x),Lu) has 
been replaced by ¥{t,g{t){x)). Let us denote by the solution. Letting (e„)„>o 
a sequence of positive numbers decreasing to we let 9" = 0^ " . Now using the 
fact that 

^(/) = i^ (^J^ \\b''{t,x)dtfdx^ dt<^ (^J \\b{t,x)dtfdx^ dt+1 

for e sufficiently small we proceed similarly to the proof of Theorem [ST] to establish 
that possibly by extracting a subsequence, there exists a generalized fiow 9f such 
that for all </> € C°°{M) e"(^, </>) converges in law to e((^, 0) and Dei'{ip, cj)) ds 
converges in law to the drift of Q{(p,(j)). We have DQ'^{(p,(j)) = {ip, div 
which is defined as ^(x) drv{<f>b^"- g{-){x)) dx. Since b is time-dependent and not 
smooth we have to extend this definition. We let (V'*)i>i be a family of smooth func- 
tions [0, T] — )■ R such that, possibly by extending the family 0'^ defined in the proof 
of Theorem 13. 11 linear combinations of functions [t^x) i— ^ tp^{t)(j)^{x) with rational 
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coefficients are dense in L'^{[0,T] x M). Now for all l3{t,x) = EfciO^V'^'lO'/' (a;) 
with rational ae we can assume that the processes 

Jo Jo 

all together converge in law as n — >■ cx) to processes 1 1-^ 9s(0-', /3(s, •)) ds which 

Jo 

satisfy 

(4.54) I 



e,(0^/3(s,.))'ds 



from the fact that for all n > 1 
(4.55) E ' 



e:(0^/3(s,-))"ds 



^ ll<?^'''ll2ll/3|lL2([0,T]xAf)' 



< II<^''I|2|I/3|Il2([0, T]xM) 



This bound allows to define t i-^ 6s(0, /3(s, •)) ds for all smooth and (3 e 

JO 

L^([0,T] X Af). So t H' /(J 9s((/3, div((?!)6)) ds is well defined, and by an argu- 
ment similar to the proof of Theorem 13.11 we see that t /q e^(V3,div((/)6="))ds 
converges in law to < M> 0s((/3, div(0&)) ds. So we can make the identification 
DQsiip, (t>) ds = Qsi^, div{(t>b)) ds. 

We are left to prove the bound for the kinetic energy. But this is exactly similar 
to the first part of the proof of Proposition 12.61 □ 



5. Constructing generalized flows from solutions of finite variation 

transport equations 

In this section we aim to give an alternative construction of generalized flow 
with prescribed drift, using Ocone Pardoux method and weak solution of transport 
equations (in the sense of DiPerna and Lions). 

To start with, let us consider a semimartingale flow g(t)(x) satisfying g(0){x) = x 
and 

(5.56) dgit)ix)=aigit)ix))odWt + bit,git)ix),io)git)ix)dt, 

with the same assumptions as in the beginning of section [21 In particular the vector 
fields CTi are divergence free. Assume that a and b are in the space variable. Let 
g{t){x) be the martingale fiow satisfying 

(5.57) dg{t)ix) = ^imi^)) ° dWt, mi^) = ^- 

Notice that g{t) is measure preserving. The method of Ocone and Pardoux f |12|) 
consists in writing 

(5.58) g{t){x) = ~g{t) imi^)) 

with ip{t){x) a bounded variation flow to be determined. From ()5.58p we get 

(5.59) dg{t){x) = {dg{t)) (mix)) + T^^m (dmi^)) 
which together with (|5.56|) and (|5.57p yields 

(5.60) d'4){t){x) ^l{t,%l;{t){x),uj)dt 
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with 

(5.61) b{t, y, uj) = {Tyg{t)i-)r' [Kt, miv), ^)) ■ 

For (p e C°°(M) define 6*^^, 6*1 ''^ as: for (j) e C°°(M) 
(5.62) 

From ([233]) and ([5351) we get 

= ^°V'(0~'°5(i)~'- 

and tliis yields 

(5.64) ef((^,0) = ef)(^f^^) 

which implies 

(5.65) ef((p,0) = ef(^,0o.g(i)) 

where we used the fact that g{t) is measure preserving. 
Lemma 5.1. We have for all (p e C°°{M), t e [Q,T], a.s. 

(5.66) / (divb{t,;Lj)){x)^{x)dx= f divb{t,;Uj){y){^o{g{t))-'){y)dy. 

In particular, if div b(t, -^lu) = then divb{t, -^uj) = 0. 
Proof. We win write b{y) = b{t,y,uj), b{x) = b{t,x,uj) For e C°°(M), 
(div6)0= / 

M JM 



= / (d0,(T9)-lo&og) 
JM 

= / (d(0o(g)-l)(g(x)),6(.9(x))) 
JM 

= I (d(0o(g)-l)(y),%)) 
JM 

{cbo{g)-^){y){divb){y)dy 



'M 

where we used in the fourth equahty the fact that g is measure preserving. □ 

Now consider a deterministic drift b{t,x) such that b € L^{[0,T], L'^{TM)) and 
div 6 = in the weak sense. It is easily seen that Lemma 15.11 is still valid for b, so 
we have a.s. div6 = 0. Moreover a.s. b e L^{[0,T], L'^{TM)). Under this condition 
we can apply Proposition II. 1 in [51 and we deduce that a.s. the transport equation 
which is the weak version of (|5.60p . namely 

(5.67) ^^-(b.y)9,, Oo^^, ^eC°°(M), 

ot 

has a solution 6'^'^ in f] L°°{0, T; LP{M)). Moreover since b is adapted the process 

p>i 

9^'"^ can also be chosen so that all 0\''^ ,ip E C°°{M) and also g,W are jointly 
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adapted to the same filtration for which W is still a cylindrical Brownian motion and 

g satisfies (|5.57p : instead of considering Of'"^ as the limit in law of some regularized 

processes 9^ ''^ , consider {{9f''^\g,W) as limit in law of {{9^ ''^\g,W) for ((^^)j>i 
a dense subsequence in C°°{M). 
So by analogy to ()5.64p we define 

(5.68) e^'^(^,0)==ef (^^^0), (p>ec°°(M) 

Proposition 5.2. Take a deterministic drift b{t, x) such that b G L^{[0, T], L'^iTM)) 
and div b = in the weak sense. Then the generalized flow Q"^'^ defined in equa- 
tion (j5.68p is a generalized flow with kinetic energy 

(5.69) ^' < S{b) 
where 

(5.70) <f(6) = i/" dt ( dx||&(i,x)f 

2 Jo J M 

Proof. We have 



(5.71) 

and this implies 
(5.72) 



??'^(x)0(g(i)(x)) dx 

M 



ft"^ (x) {d(f>, d^'°g{t){x)) dx + J 9''^''^ {x)div(b{(j>og{t))'^ {x)dxdt 
= I 9^'' {x){d<j),cr{g{t){x))dWt) dx+ [ 9]'"^ {x) ld{<p o ~g{t)) , b){x)dxdt 
= V / 6'^'^ (x) cr,) {g{t){x)) dxdWl + [ 9t''^ (x) b) {g{t){x)) dxdt 

= E / imr\y)) w,^.) iy)dydwi + f 9\'^ {{mY\v)) w,^) {v)dvdt 

JM JM 

= E 0"^'(¥', 'T,)) dW^/ + e'^^'i^, {dcp, b))dt 

where the first term in the right is the martingale part and the second term is the 
finite variation part. We prefer to write the last equality as 

(5.73) dQ''^\ip, [9\'f^ {d<j), fj,)) dW^ + 9^ (6'^'^, 6)) dt. 

i>i 

From this equation the properties of a generalized flow are easily checked. 

We are left to prove that S''{Q°''^) < <§{b). Again this can be done via a regular- 

ization procedure of b of the form b^ — \e^^{b^)\ , an extraction of subsequence, 
and similar estimates as before. We leave the details to the reader. 

□ 
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